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Using a (l,l)-tensor L with zero Nijenhuis torsion and maximal possible number (equal to the 

number of dependent variables) of distinct, functionally independent eigenvalues we define, in a 

coordinate-free fashion, the seed systems which are weakly nonlinear semi-Hamiltonian systems of 

a special form, and an infinite set of conservation laws for the seed systems. 

£/3 ■ The reciprocal transformations constructed from these conservation laws yield a considerably 

larger class of hydrodynamic-type systems from the seed systems, and we show that these new 

systems are again defined in a coordinate-free manner, using the tensor L alone, and, moreover, are 

weakly nonlinear and semi-Hamiltonian, so their general solution can be obtained by means of the 

CN ■ generalized hodograph method of Tsarev. 

> 
00 

o 

g ; Introduction 

cn ■ 

O ' in the present paper we deal with the systems of first order quasi-linear PDEs of the form 

oo : 

u t = A(u)u x , (1) 

> ■ 

•l-H , 

^ ■ where u = (it 1 , . . . , w n ) T , A is an n x n matrix, the superscript T indicates the transposed matrix. The 
c3 systems (JTJ are usually called hydrodynamic-type systems or dispersionless systems. More specifically, 
we shall restrict ourselves to considering the systems ([1]) which are semi-Hamiltonian in the sense of 
Tsarev [23] and weakly nonlineaj 1 ] [TU] . 

Although the class of weakly nonlinear semi-Hamiltonian (WNSH) systems was extensively studied in 
the literature, see e.g. [H [TOj [121 131 EEU Ej and references therein, the results obtained so far were mostly 
presented in the distinguished coordinates, the so-called Riemann invariants. In particular, in these 
coordinates we have a complete description of WNSH hydrodynamic-type systems [TUl [6] and, moreover, 
the general solution in implicit form for any such system can be found. What is more, any WNSH system 
written in the Riemann invariants can be linearized using a suitably chosen reciprocal transformation 
|10j (see e.g. [151 ESI EH US] an d references therein for a general theory of reciprocal transformations). 

However, not much is known so far about how to construct or identify WNSH systems in a coordinate- 
free fashion or construct reciprocal transformations for such systems written in arbitrary coordinates. 



^^Note that weakly nonlinear systems are also known as linearly degenerate, see e.g. |21[ 111! [T51 IS]. 
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Even though there exists [18] a coordinate-free version of conditions under which a given hydrodyn- 
amic-type system is weakly nonlinear and semi-Hamiltonian, the conditions in question written in the 
coordinate-free form are quite cumbersome, and constructing any reasonably large classes of WNSH 
systems in arbitrary coordinates using these conditions is a virtually impossible task even for low values 
of n except for the simplest cases of n = 2 and n = 3. As for the case of arbitrary n, some results were 
obtained in [6J for a special class of the WNSH systems, namely, the seed systems, see below for details. 

In the present paper we construct in a coordinate-free fashion fairly extensive classes of WNSH 
systems from the so-called seed systems. We start with a (l,l)-tensor L with zero Nijenhuis torsion 
and maximal possible number (equal to the number of dependent variables) of distinct, functionally 
independent eigenvalues. Using this tensor we define, in a coordinate-free fashion, a class of WNSH 
hydrodynamic-type systems which we call the seed systems, see Section [T] below for details. 

We then observe that the seed systems possess infinitely many nontrivial conservation laws of a spe- 
cial form that can be written in a coordinate-free fashion. Note that even though any semi-Hamiltonian 
system has infinitely many conservation laws [23] , in general there is no way to write them down explicitly 
in arbitrary coordinates. 

Using the above special conservation laws we construct the reciprocal transformations (1101) for the 
seed systems and show that these transformations yield new large classes (12 lj) of WNSH hydrodynamic- 
type systems a priori written in a coordinate-free fashion. Finally, using the explicit form of the resulting 
systems in the Riemann invariants, we write down general solutions for the systems in question using 
the technique from [101 E] , see Section [3] below for details. 

It is important to stress that, as shown in Section [2] below, for writing down the reciprocal trans- 
formations in question it suffices to know the tensor L alone. Thus, the coordinate-free construction 
of weakly nonlinear semi-Hamiltonian hydrodynamic-type systems laid out in the present paper works 
for any (l,l)-tensor with zero Nijenhuis torsion and maximal possible number of distinct, functionally 
independent eigenvalues. Moreover, as shown in Section [T] below, this tensor always admits an infinite 
family of metrics for which it is an L-tensor in the sense of [31 HI [5] . 



1 The seed systems 

Consider an n-dimensional manifold M endowed with a tensoJ^L of type (1,1), i.e., with one covariant and 
one contravariant index, with zero Nijenhuis torsion and n distinct, functionally independent eigenvalues. 
It can be shown that a tensor with these properties always is an L-tensor [21 HJ [5] , also known as a special 
conformal Killing tensor of trace type [9]. 

Following [31 El El , consider the following set of tensors of type (1,1) on M: 

r-1 

K 1 = l, K r = Y,PkL r ~ l -\ r = 2,...,n, (2) 

fc=0 

where I is the nxn unit matrix, and pi are coefficients of the characteristic polynomial of the tensor L, i.e., 

n 

det(P-L) = ]Tp 4 C-\ (3) 

2 For the sake of brevity in what follows we shall use the term 'tensor' instead of 'tensor field'. 
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Now consider a vicinity U C M with local coordinates u 1 , . . . , u n , and a set of hydro dynamic-type 
systems of the form 

K^u tl = K^u t2 = ■■■ = K- l u tn (4) 

where let u = (u 1 , . . . , u n ) T , and the superscript T refers to the matrix transposition, ti are independent 
variables, Kf are tensors of type (1,1) such that KiK~ l — I, i = 1, . . . , n. 
For any fixed j G {1, . . . , n} we can rewrite (j3J) as 

u u = KiKj l u tj , i = 1, . . . , n, i j. (5) 

Notice that in (jSJ) the variable tj plays the role of a space variable while the remaining times £, should 
be considered as evolution parameters. Moreover KiKj 1 again is a tensor of type (1, 1). It is important 
to stress that the set (jlj) (or (jSJ)) of hydrodynamic-type systems is covariant under arbitrary changes of 
local coordinates on M, and in fact the systems in question are well-defined on the whole of M. 

We shall refer to the systems (J4j) or (J5]) with Ki given by <^ as to the seed systems. In fact, these 
systems belong to a broader class of the so-called dispersionless Killing systems [8]. It can be shown [6] 
that the seed systems are weakly nonlinear and semi-Hamiltonian. 

It is immediate from (j2J) that if we choose the eigenvalues A 1 , i = 1, . . . , n, of L for the local coordinates 
on U (this is possible because the Nijenhuis torsion of L vanishes and the eigenvalues in question are 
simple and functionally independent), the quantities (j5J) will be diagonal in these coordinates, and thus 
the eigenvalues in question will provide the Riemann invariants for the seed systems ([5]). As will be 
shown in Section 5, the solution for these systems, when expressed using the Riemann invariants, has 
the form (|46[) . Note that the Lax representations for these systems also appear in the context of the 
so-called universal hierarchy [lj [2] . 

Interestingly enough, for the seed systems we have [8] an infinite set of conservation laws that can be 
constructed in a coordinate-free fashion. 

(k) 

In order to write this set down we need the so-called basic separable potentials V r that can be defined 
using the tensor L via the following recursion relation [7]: 

^^tf-ft^fcez, (6) 

with the initial condition 

K (0) = r = l,...,n. (7) 

Here and below we tacitly assume that Vr k ^ = for r < 1 or r > n. 
The recursion ([6]) can be reversed. The inverse recursion is given by 

V (k) = V (^)_Przl V (k+i) j kEZ, r = l,...,n. (8) 

Pn 

Hence, the first nonconstant potentials are Vr^ = p r for k > and Vr' 1 ^ = ^y 1 for k < 0, respectively. 
The conservation laws in question read [8] 

D u (vj k) ) = D tj (v} k) ), i,j = l,...,n, i^j, kEZ, (9) 

where D t . are total derivatives computed by virtue of (j3J). These conservation laws are obviously non- 
trivial for all integer k ^ 0, . . . , n — 1. 
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2 Reciprocal transformations and more 



Using (JH]) we can define a large class of reciprocal transformations for the seed systems. Using these 
transformations we construct extensive new classes (12T1) of WNSH hydro dynamic-type systems. Most 
importantly, these transformed systems, just like their seed counterparts, possess an infinite set of non- 
trivial conservation laws that can be constructed in a coordinate-free fashion, and the general solution 
of any of the transformed systems (12Tj) written in the Riemann invariants takes the form (14T)) and (|4"8|) . 

The reciprocal transformation in question is defined for the whole set (HI) of the seed systems and 
reads 120 1 as follows: 



dt 
f 



m "mi 



3=1 

m = 



dtj, 



1, . . . , k, 



(10) 



l,2,...,n, m s a for any a = l,...,k. 



Here 1 < k < n; the numbers s a , a = 1, . . . , k, are a fc-tuple of distinct integers from the set {1, . 
and jj are arbitrary positive integers that satisfy the following conditions: 



n}, 



7i > 72 > ■ • • > Ik > n - 1. 



:ir 



The choice of numbers k G {1, . . . , n}, s a , and 7 a that satisfy the above conditions uniquely determines the 
transformation ffTOj) . Using ([OJ we can readily check that ffTOl) is a well-defined reciprocal transformation. 
The inverse of ffTOl) has the form 



dt. 



-En 



(n-Si) 



dt j , z — 1 j . . . j k f 



3=1 



ti=t h q = l,2,...,n, I ^ s a for any a = 1, 



k. 



(12) 



Here are deformed separable potentials defined for all integer m as follows: 
1) for j — si, . . . , Sfc we define by means of the relations 



+ V v s (m) vj^ = o, 
P =i 

Vj m ) = -detWi (m) /detW, 



whence 



(13) 



(14) 



where W is a k x k matrix of the form 



W 



(71 ) 



(7fe) 



v. 



(71 ) 



... V s 



(7h) 



(15) 



and HA (m) are obtained from W by replacing Vv/ W by V s ) for all j = 1 
2) for j ^ si, . . . , Sfc we set 

k 

j 3 / j s p 3 ' 

p=l 



(7<) 



r(m) 



(16) 



or equivalently 



V} m) = detW m) / detW, 



(17) 



where Wj is a (k + 1) x (k + 1) matrix of the form 



w {m) = 

3 


y(. m ) 
3 

T/( m ) 
Vsi 


V M . 
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yilk) 
3 

T/(7fc) 




T/( m ) 


T/(7l) . 


T/(7fc) 


It can be shown that the above definition 


of V} j) 


is equivalent to the 



;is) 



In order to find out how Eq.(jH) transforms under fflOl) . we temporarily rewrite the former as 

u u = KiY, i = 1, . . . ,n, 

where Y is an arbitrary vector field on M. 

The transformation ([TO]) sends the set (fT9~l) of seed systems into the following set: 

Wt i = #'i y "> i = l,2,...,n, 
which upon elimination of V can be written in the form similar to (jl]): 

^r 1 ^*! = ^T^ta = • • • = K~ l u in , 

and can be further rewritten like (JSJ) 

«ti = Kikj l u- t] , i = 1, . . . , 71, Z ^ j, 

for any fixed j G {1, . . . ,n}. As will be shown in Section 5, the general solution for these syst 
given by (jUD and dig]) . 

Using (TT21 and the chain rule we find, after a straightforward but tedious computation, that 



(19) 



(20) 



(21) 



(22) 



ems is 



K. 



-J2V s { r^K s ,M-\ i = l,...,*, 
i=i 



K m = KrnM' 1 -J2Vm~ Sl) K Sl M-\ 77i = 1, 2, . . . , 7i, m ^ s a for any a = 1, . . . , fc, 



(23) 



where 

M = -detW sl /detW, 

is given by (TT5I) . and W S1 is obtained from W by replacing by lf a . for all j = 1, 
det W Sl is a formal determinant with matrix- valued entries of the same kind as in [TJ. 
Likewise, from ([TO]) we infer that 



(24) 
, fc. Here 



-Y,v^ ] k s M-\ i = i 

3=1 

An) 



AT m = KjnM" 1 — Vm 1 ^ K Sl M~ l , m = l,2,...,n, m ^ s a for any a = 1, 
i=i 



(25) 



, k. 



Here 

M = — det W S1 I det W, (26) 

W is a k x matrix of the form 



T/(7l) T>(7fe) 
»Sl ' ' ' V Sl 



T/(7l) T/(7fe) 
' ' ' v s fe 

(7i) 



(27) 



and W Sl is obtained from W by replacing Vs] by for all j = 1, ... , k. 

Eq. ([2"Tj) possesses the following infinite set of nontrivial conservation laws similar to 0: 

A-(^ (m) ) = A- 3 (v; (m) ), i,j = l,...,n, i^j, 

m G Z, m 7^ 7/, Z = 1, . . . , fc, m £ ({1, . . . , n}/{si, . . . , s k }), 



where the derivatives Df, are computed by virtue of (1211) . 

As we have already mentioned above, any tensor L of type (1,1) with zero Nijenhuis torsion and n 
distinct, functionally independent eigenvalues always is an L-tensor for some family of metrics on M. 
In fact, in the coordinate frame associated with the eigenvalues A*, i — 1, . . . , n, of L, the most general 
family of such contravariant metrics is given by (|44|) . The quantities K$ §2§ are then Killing tensors of 
type (1,1) for any metric tensor from the family (|44|) . 

Using the results of [7] it can be shown that the quantities K{ are Killing tensors of type (1,1) for 
a contravariant metric MG, where G is any contravariant metric from the family (|44l) . Thus Eq. (l2T|) 
(or equivalently Eq. (l22l) ) indeed defines a set of dispersionless Killing systems, and the systems ( 1221) are 
weakly nonlinear and semi-Hamiltonian. Note that the weak nonlinearity of ( |2TT) can also be inferred 
from the general result of Ferapontov (Proposition 3.2 of [11]) stating that reciprocal transformations 
of hydrodynamic-type systems preserve weak nonlinearity. Alternatively, one can readily verify weak 
nonlinearity and semi-Hamiltonicity of ( |2T|) in the coordinate frame associated with the eigenvalues A*, 
i — 1, . . . , n, of L. Moreover, in the next section we show how to construct a general solution for any 
system (121]) in this coordinate frame using the method from p^Ol [6] . 

3 Weakly nonlinear semi-Hamiltonian systems in Riemann in- 
variants: general solution from separation relations 

Consider a hydrodynamic-type system written in the Riemann invariants: 

\l = v\X)\l, i = l,...,n, (29) 

where A = (A 1 , . . . , A n ), and there is no sum over i. 

The system ( 1291) is said to be weakly nonlinear (or linearly degenerate, see e.g. [TUl [21] and references 
therein) if 

dvydX^O, i = l,...,n, (30) 

and is said to be semi-Hamiltonian [23] if 

d fdv i ld\ k \ d fdv^dX^ , . . . , . . . 

, i,j,k=l,...,n, t^j^k^t. (31) 
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d\j \ v k — v l J d\k V vi — v % 



It is natural to ask which is the most general weakly nonlinear semi-Hamiltonian (WNSH) hydrody- 
namic-type system (1291) written in the Riemann invariants, or, in other words, which is the most general 
form of v l that satisfy pi and (13T1). 

It turns out [TQl [DJ that any WNSH hydrodynamic-type system (12"§|) admits n — 1 commuting flows of 
the same kind, so we actually have a set of commuting WNSH hydrodynamic-type systems just like ([5]). 

In complete analogy with ([5]), this set can be written in a symmetric form as 



(32) 



where v\ = v l , % = 1, . . . , n. The most general form of such a set of WNSH hydrodynamic-type systems 
is given by the formulas [TQl E] 

, det 

vl = (-i)H-iE^.. (33) 
v ; det$ l1 v ; 

Here $ is a matrix of the form [TOl [6] 

/ ^(A 1 ) ^(A 1 ) ••• ^(X 1 ) ^"(A 1 ) \ 



(34) 



V *i(A») S*(A») ••• $r x (A n ) $™(A") / 



where $*(A l ) are arbitrary functions of the corresponding variables; is the (n — 1) x (n — 1) matrix 
obtained from $ by removing its i th row and /c th column. Note that we can, without loss of generality, 
impose the normalization = 1, % — 1, . . . , n, but we shall not use this normalization below. 
The general solution for (1321) can be written as [TQI E] 

E/ - L l£ Ld Z = t r> r = l,...,n, (35) 



i=i 



where ^(0 are arbitrary functions of a single variable. 

If we fix r, k £ {1, ... , n}, r ^ k, and consider the system 

AL = §Aj r , i = l,...,n, (36) 

then the general solution of fl36|) is given by (135]) with tj = const for all j ^ r,k. For any pair (r, fc) the 
system (136]) represents fl29l) . where = t, t r = x, and = f^/f* satisfy the conditions (130]) and (|3T|) . 

Note that to a given matrix $ ( |34|) . or, equivalently, to a set of n Killing tensors and a class of metrics 
that admit them, we can associate the so-called separation relations of the form 

n 

£sJ(A < )J3} = /<(A < )a& i = l,...,n, (37) 
j'=i 

where iij are separable geodesic Hamiltonians and i = 1, . . . , n, are arbitrary functions of a single 

variable [22], |6l |20] which are related to their counterparts in (|35|) via the formula 

/ n \ 1/2 

^(o=^(oE $ '^kJ , (38) 



where aj are arbitrary constants. 

From the point of view of separation relations fl37|) the matrix $ (1341) is nothing but the Stackel 
matrix related to the Hamiltonians Hi. Moreover, the commutativity of Hi implies the commutativity 
of the associated flows (13"2I) . and the general solution (131)1) for (1521) in fact can be obtained [TQl E] from 
the general solution for the simultaneous equations of motion for Hi which, in turn, is found using the 
separation relations (I37|) . 

Let us briefly recall the rationale behind the separation relations (1371) . If we define the Hamiltonians 
Hi = Hi(\, n), i = 1, . . . , n, where fj, = (fix, . . . , /i n ) T , as solutions of the system (13"7j) of linear algebraic 
equations then these Hamiltonians have the form 

n 

Hi = ii T K % Gv = Vr(KiG) rs Li s , % = 1, . . . , n, (39) 

r,s=l 

and are well-known to Poisson commute with respect to the canonical Poisson bracket {A', fij} = 5\. 
Quite naturally, Ki are Killing tensors of type (1, 1) for a contravariant metric G. However, it is important 
to stress that in general these Ki do not necessarily have the form (121). 

We know from [20J that for the seed systems the separation relations fl37|) read 

n 

Y,^) n -'H 3 = f l {X)^l i = l,...,n, (40) 
while for the systems ( 12 1)) we have 

k n 

» ; )W/.. • E (XT~ P H P = f t (X)tf, i = l,..., n. (41) 

j = l p=l,p^S!,...,S k 

Using (T40l) and (f4~T!) we can readily read off the functions $j from (1341) associated with (jlj) for Ki given 
by ([2]), and with (j2T|) . and construct general solution for any given seed system from ([5]), and for the 
transformed systems ( 1221) . by the method of [TQl [6], see below for details. 

For the special case of (I40p the Killing tensors Ki in (1391) are given by ([2]), and in the A-coordinates 
L has the form 

L = diag(A 1 ,...,A"). (42) 
On the other hand, from the separation relations (T4T1) we find that 

n 

Hi = » T K t Gv = ]T UrikiGY'fi,, i = l,...,n, (43) 

r,s=l 

where ii', are given by (1231) and G = MG with M given by (I24p . Thus, the Hamiltonian Hi (resp. Hi) is 
naturally associated with the twice contravariant Killing tensor KiG (resp. K^G), and vice versa. 

Now, the Hamiltonian Hi associated with K\G = G, i.e., with the original contravariant metric G 
itself, is the coefficient at the highest power of A* on the left-hand side of PUI) . Likewise, in view of (TlT]) 
the coefficient at the highest power of X 1 on the left-hand side of (T4T1) equals H Sl . This is the reason 
why it is natural to consider the contravariant metric G associated with H Sl from ( f4~Tl) as a natural 
counterpart of the original contravariant metric G, cf . [7] . 
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Note also that the set of Hamiltonians Hi, i — 1, . . . , n, in (HOI) is related to the set of Hi, i = 1, . . . , n, 
in (T4T1) via the so-called multiparameter generalized Stackel transform of a special form, see [20] for fur- 
ther details, and this very fact uniquely determines the shape of the reciprocal transformation ( ITUl) and 
(H2D relating (131) and (12TT). 

Let us now apply the above results on general solutions to the seed systems (@| and their transformed 
counterparts (}2~Tj) in the coordinates A* being the eigenvalues of L. In the coordinates in question (142]) 
holds by assumption. 

Note that any metric G that admits L of the form (l4"2"j) as an L-tensor in the A-coordinates can be 
written in the form [7] 

G = di ag (^,...,^-), (44) 



Ai 

where Aj = (A 2 — A J ). The class (|4*4"|) with arbitrary functions is precisely the class of the metrics 

that admit the set of Killing tensors given by (T5]) with L of the form (j42|) . 

The joint general solution for the set of systems (T4J) written in the Riemann invariants, that is, 

^ *» i = l,...,n, 



G ii dp 1 /d\ i G u d Pn /d\ 
or equivalently, 



d Pl /dX i dpJdX 



i = l,...,n, (45) 



where we used the formula X]^=o(^ 4 ) r 1 ^ Pi = dp r /d\ l (see e.g. [5]), reads 



V/ ^77r^ = tr, r = l,...,n. (46) 



Notice that pi are nothing but the Viete polynomials in the variables A. 

Likewise, using (1411) we see that the general solution of (12 ip in implicit form reads 

-A f xj C" 

J2 / ~ 1 m d Z = q=l,...,k, (47) 

V/ — — ^ = t i; i = l, ...,n, 2^s g , g = l,...,/c. (48) 
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